Introduction
Finite p-groups are an important class of finite groups. After the classification of finite simple groups was finally completed, the study of finite p-groups becomes more and more active. Many leading group theorists, for example, Glauberman, Janko, etc., have turned their attentions to the study of finite p-groups. As Janko mentioned in the foreword of [4] , to study p-groups with "large" abelian subgroups is another approach to finite p-groups. A well-known important result is the classification of finite p-groups with a cyclic subgroup of index p, which was obtained by Burnside [8] . Tuan [19] and Nazarova et al. [14] studied finite p-groups with an abelian subgroup of index p. Another important concept in finite p-groups is minimal non-abelian p-groups. A non-abelian group G is said to be minimal non-abelian if every proper subgroup of G is abelian. Finite minimal non-abelian groups were classified in [13] , and in more detail for finite p-groups in [17] . Berkovich and Janko [3] introduced a new concept -A t -groups, which is a more general concept than that of minimal nonabelian p-groups. For a positive integer t, a finite p-group is called an A t -group if all subgroups of index p t are abelian, and at least one subgroup of index p t−1 is not abelian. Obviously, A 1 -groups are just the minimal non-abelian p-groups. For small t, A t -groups can be considered to have "large" abelian subgroups. Many scholars studied and classified A 2 -groups, see, for example [3, 5, 9, 12, 18, 23] .
The starting point of this paper is the A 2 -groups. By the definition of A 2 -groups, G is an A 2 -group if and only if G is a finite p-group all of whose proper subgroups are abelian or minimal non-abelian, and G has at least one minimal non-abelian subgroup of index p. It is natural to classify p-groups with a minimal non-abelian subgroup of index p. In fact, Berkovich in [4] proposed the following Problem 239. Classify the p-groups containing an A 1 -subgroup of index p.
It turns out that solving Problem 239 involves a lot of work. Roughly we may divide this problem into two parts. Part 1. Classify the finite p-groups with at least two A 1 -subgroups of index p. Part 2. Classify the finite p-groups with a unique A 1 -subgroup of index p.
Since groups in Part 1 have more A 1 -subgroups of index p than groups in Part 2, such groups have small nilpotency class (at most 3). Hence the methods of Part 1 are quite different from those of Part 2. In fact, completing Part 1 is more complicated and troublesome than that of Part 2, and completing Part 2 is more technical and tricky than that of Part 1.
In As a direct application of the classification of the p-groups with an A 1 -subgroup of index p, recently, Zhang et al. [24] have classified A 3 -groups. This solves an old problem which is given in [5] by Janko and Berkovich, i.e.,
Problem 1278 (Old problem).
Classify A 3 -groups.
Preliminaries
Let G be a finite p-group. We use c(G), exp(G) and d(G) to denote the nilpotency class, the exponent and the minimal number of generators of G respectively. For any positive integer s, we 
A finite group G is called metacyclic if it has a cyclic normal subgroup N such that G/N is also cyclic. 
A non-abelian group G is said to be metabelian if G is abelian. The following formulae are useful in this paper. [20] .) Let G be a metabelian group and a, b ∈ G. For any positive integers i and j, let
Proposition 2.8. (See
].
Then:
(1) For any positive integers m and n,
(2) Let n be a positive integer. Then [6] or [22, Section 8.3] .) Let G be a 3-group of maximal class. If G 1 is abelian, then G is one of the following non-isomorphic groups:
, where e 2.
for all g ∈ G\G 1 ;
, where e 2. [6] or [22, Section 8.4] .) Let G be a 3-group of maximal class. If G 1 is non-abelian, then |G| 3 5 and G is one of the following non-isomorphic groups:
Lemma 2.12. (See
where δ = 0, 1, 2.
We also need following lemmas: 
Lemma 2.16. Suppose that p is an odd prime, G is a finite p-group, N
G such that |N| = p and G/N is minimal non-abelian. , 1) , then G has two distinct minimal non-abelian subgroups of index p; Proof. "⇐": Let G be a 3-group of maximal class. By Lemma 2.3 and Lemma 2.9, G 1 is the unique metacyclic subgroup of index p of G.
"⇒": Let M be the unique metacyclic subgroup of index p. Suppose that G is not a 3-group of maximal class. We shall deduce a contradiction.
Firstly we claim that G has a normal subgroup E which is isomorphic to C 
= 1 where ν = 1 or a fixed square non-residue modulo p.
For every case, we can find two distinct metacyclic subgroups of index p, a contradiction.
By the cyclic extension theory, we may assume that
Then N is metacyclic and maximal in G, which is contrary to the uniqueness of M. 
Since G In the following, we shall deduce a contradiction by finding an N such that N = M, N = 1, d(N) = 2 and N is maximal in G. 
Φ(G) = Φ(M) = Z (M), we deduce that G is metabelian. By Proposition 2.8, we have
[h p , d] = [h, d] p = [h, d] p [h, d, d ( p 2 ) ] ≡ [h, d] p [h, d, d] ( p 2 ) ≡ [h, d p ] = 1(mod G 4 ) for all h ∈ M. It follows that [Φ(G), G] = [Φ(M), M d ] = [Φ(M), d ] = [H 1 (M)M , d ] = [H 1 (M), d ] ≡ 1(mod G 4 ). Since G 3 = [G , G] [Φ(G), G] G 4 , we have G 3 = 1 and [Φ(G), G] = 1. Hence c(G) = 2 and Φ(G) Z (G). For all g, h ∈ G we have [h, g] p = [h p , g] = 1 and (gh) p = g p h p [h, g] ( p 2 ) = g p h p . ItCase 1. M is metacyclic. Let M = a, b | a p m = b p n = 1, [a, b] = a p m−1 ∼ = M p (m, n). We may assume that d p = a ip b jp since d p ∈ Φ(M) = a p × b p . Since G is p-abelian, we have (d −1 a i b j ) p = 1. Replacing d with d −1 a i b j , we get G = a, b d , where d p = 1. Let N = ad w , b , where p w and [ad w , b] = 1. Then N = M, d(N) = 2, N = 1 and N is maximal in G, a contradiction. Case 2. M is not metacyclic. Let M = a, b, c | a p m = b p n = c p = 1, [a, b] = c, [c, a] = [c, b] = 1 ∼ = M p (m, nΩ 1 ( a p c kw ) = a p m−1 . Hence Ω 1 (H 1 (N)) a p , b p = H 1 (M). It follows from [ad w , b] / ∈ H 1 (M) that [ad w , b] / ∈ Ω 1 (H 1 (N)= n = 2. If [d, b] / ∈ b p , c , letting N = d, b , then N = M, d(N) = 2, N = 1 and N is maximal in G, a con- tradiction. If [d, b] ∈ b p , c(G) = d(M) = 2, then p 5 and G = a, b, c | a p n−2 = b p = c p = 1, [a, b] = c, [c, b] = a ip n−3 , [c, a] = 1 , where (i, p) = 1. Proof. Taking b ∈ G\M and a ∈ M\Φ(G), then G = a, b . Since M is abelian and b p ∈ M, we have b p ∈ Z (G). By Lemma 2.7, for all d ∈ M we have [d p , b] = [d, b p ] = 1. It follows that Φ(M) = H 1 (M) Z (G). We claim that Φ(M) = Z (G). Otherwise, |G/Z (G)| |M/Φ(M)| = p 2 .
It follows that Z (G) = Φ(G).

By Lemma 2.2, G is minimal non-abelian, which is contrary to the uniqueness of M.
By Lemma 2.14, (1) Groups of order 3 5 , which are of maximal class and have no abelian maximal subgroup; Proof. "⇐": If G is a 3-group of maximal class in which G 1 is non-abelian, then, by Lemma 2.10, G 1 is metacyclic and minimal non-abelian. Since M is the only maximal subgroup of G which is minimal non-abelian, we deduce that M = G 1 is metacyclic.
"⇒": By Theorem 3.6, G/M is a 3-group of maximal class. By Lemma 2.9, maximal subgroups of 
Proof. Firstly, we prove that G is one of the groups listed in theorem. By Theorem 3.6,Ḡ = G/M is a 3-group of maximal class having an abelian maximal subgroup. Since |Ḡ| = 3 2e+1 ,Ḡ is isomorphic to one of the groups listed in Lemma 2.11(1). 
Since (s 
